INVARIANCE OF CLOSED CONVEX CONES FOR STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS

STEFAN TAPPE

ABSTRACT. The goal of this paper is to clarify when a closed convex cone
is invariant for a stochastic partial differential equation (SPDE) driven by a
Wiener process and a Poisson random measure, and to provide conditions on
the parameters of the SPDE, which are necessary and sufficient.

1. INTRODUCTION

Consider a semilinear stochastic partial differential equation (SPDE) of the form
(1.1)
{ dry = (Ary+a(ry))dt + o(ry)dW, + fE v(ri—, x)(p(dt, dz) — F(dx)dt)
To = h()

driven by a trace class Wiener process W and a Poisson random measure u. The
state space of the SPDE (1.1) is a separable Hilbert space H, and the operator A
is the generator of a strongly continuous semigroup (S¢)¢>0 on H.

Let K C H be a closed convex cone of the state space H. We say that the cone
K is invariant for the SPDE (1.1) if for each starting point hy € K the solution
process r to (1.1) stays in K. The goal of this paper is to clarify when the cone
K is invariant for the SPDE (1.1), and to provide conditions on the parameters
(A, o, 0,7) — or, equivalently, on ((S¢)i>0,®,0,7) — of the SPDE (1.1), which are
necessary and sufficient.

Stochastic invariance of a given subset K C H for jump-diffusion SPDEs (1.1)
has already been studied in the literature, mostly for diffusion SPDEs

(1.2) {dn = (Are+ alr))dt + o (r)dW,;
To = h()

without jumps. The classes of subsets K C H, for which stochastic invariance has
been investigated, can roughly be divided as follows:

e For a finite dimensional submanifold K C H the stochastic invariance has
been studied in [8] and [29] for diffusion SPDEs (1.2), and in [11] for jump-
diffusion SPDEs (1.1). Here a related problem is the existence of a finite
dimensional realization (FDR), which means that for each starting point
ho € H a finite dimensional invariant manifold KX C H with hg € K ex-
ists. This problem has mostly been studied for the so-called Heath-Jarrow-
Morton-Musiela (HIMM) equation from mathematical finance, and we re-
fer, for example, to [5, 4, 13, 14, 34, 38] for the existence of FDRs for
diffusion SPDEs (1.2), and, for example, to [35, 32, 37] for the existence of
FDRs for SPDEs driven by Lévy processes, which are particular cases of
jump-diffusion SPDEs (1.1).
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e For an arbitrary closed subset K C H the stochastic invariance has been
studied for PDEs in [19], and for diffusion SPDEs (1.2) in [20] and — based
on the support theorem presented in [28] — in [29]. Both authors obtain the
so-called stochastic semigroup Nagumo’s condition (SSNC) as a criterion
for stochastic invariance, which is necessary and sufficient. An indispens-
able assumption for the formulation of the SSNC is that the volatility o is
sufficiently smooth; it must be two times continuously differentiable.

e For a closed convex cone K C H — as in our paper — the stochastic invariance
has been studied in two particular situations on function spaces. In [26] the
state space H is an L2-space, K is the closed convex cone of nonnegative
functions, and its stochastic invariance is investigated for diffusion SPDEs
(1.2). In [10] the state space H is a Hilbert space consisting of continuous
functions, K is also the closed convex cone of nonnegative functions, and
its stochastic invariance is investigated for jump-diffusion SPDEs (1.1); a
particular application in [10] is the positivity preserving property of interest
rate curves from the aforementioned HJMM equation, which appears in
mathematical finance.

In this paper, we provide a general investigation of the stochastic invariance problem
for an arbitrary closed convex cone K C H, contained in an arbitrary separable
Hilbert space H, for jump-diffusion SPDEs (1.1). Taking advantage of the structural
properties of closed convex cones, we do not need smoothness of the volatility o, as
it is required in [20] and [29], and also in [10].

In order to present our main result of this paper, let K C H be a closed convex
cone, and let K* C H be its dual cone

(1.3) K*= (){r* € H:(h",h) > 0}.

heK

Then the cone K has the representation

(1.4) K= () {heH: (" h)>0}
h*eK*

We fix a generating system G* of the cone K; that is, a subset G* C K* such that
the cone admits the representation

(1.5) K= () {heH: (h* h) >0}
h*eG*

In particular, we could simply take G* = K*. However, for applications we will
choose a generating system G* which is as convenient as possible. Throughout this
paper, we make the following assumptions:

o The semigroup (S;);>0 is pseudo-contractive; see Assumption 2.1.

e The coefficients (o, 0,7) are locally Lipschitz and satisfy the linear growth
condition, which ensures existence and uniqueness of mild solutions to the
SPDE (1.1); see Assumption 2.2.

e The cone K is invariant for the semigroup (S;)¢>0; see Assumption 2.12.

e The cone K is generated by an unconditional Schauder basis; see Assump-
tion 4.2.

We refer to Section 2 for the precise mathematical framework. We define the set
DCG*xK as

(1.6) D:= {(h*,h) eEG" xK: lirﬁ%nfw < oo}
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Since the cone K is invariant for the semigroup (S;);>0, for all (h*,h) € G* x K
the limes inferior in (1.6) exists with value in Ry = [0, 00]. Now, our main result
reads as follows.

1.1. Theorem. Suppose that Assumptions 2.1, 2.2, 2.12 and 4.2 are fulfilled. Then
the following statements are equivalent:

(i) The closed convex cone K is invariant for the SPDE (1.1).
(if) We have

(1.7) h+~(h,z) € K for F-almost allx € E, forallhe K,
and for all (h*,h) € D we have

(1.8) n%nfw + (b, a(h)) — /E (h* ~(hy 7)) Fdz) > 0
(1.9) (h*,d7(h)) =0, jeN.

Conditions (1.7)—(1.9) are geometric conditions on the coeflicients of the SPDE
(1.1); condition (1.7) concerns the behaviour of the solution process in the cone,
and conditions (1.8) and (1.9) concern the behaviour of the solution process at
boundary points of the cone:

e Condition (1.7) is a condition on the jumps; it means that the cone K is
invariant for the functions h +— h + y(h, x) for F-almost all x € E.
e Condition (1.8) means that the drift is inward pointing at boundary points
of the cone.
e Condition (1.9) means that the volatilities are parallel at boundary points
of the cone.
Figure 1 illustrates conditions (1.7)—(1.9). Let us provide further explanations re-
garding the drift condition (1.8). For this purpose, we fix an arbitrary pair (h*, h) €
D. By the definition (1.6) of the set D, we have (h*, h) = 0, indicating that we are
at the boundary of the cone.

e The drift condition (1.8) implies

(1.10) [E (h*, v (h, 2)) F(dz) < .

This means that the jumps of the solution process at boundary points of
the cone are of finite variation, unless they are parallel to the boundary.
e If h € D(A), then the drift condition (1.8) is fulfilled if and only if

(1.11) (h*,Ah+a(h)>—A(h*,v(h,x»F(dm) > 0.

In view of condition (1.11), we point out that K ND(A) is dense in K.
o If h* € D(A*), then the drift condition (1.8) is fulfilled if and only if

(1.12) (A™R*, 1) + (0", a(h)) —/E(h*,v(h,x»F(dx) > 0.

In particular, if A* is a local operator, then the drift condition (1.8) is
equivalent to

(1.13) (h*, a(h)) — /E (h*, 7 (h, ))F(dz) > 0.

In any case, condition (1.13) implies the drift condition (1.8).
We refer to Section 2 for the proofs of these and of further statements. We emphasize
that for (h*,h) € G* x K with (h*, h) = 0 it may happen that (h*,h) ¢ D. In this
case, conditions (1.8) — and hence (1.10) — and (1.9), the two boundary conditions
illustrated in Figure 1, do not need to be fulfilled. Intuitively, at such a boundary
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jump

volatility

FIGURE 1. Illustration of the invariance conditions.

point h of the cone, there is an infinite drift pulling the process in the interior of
the half space {h € H : (h*,h) > 0}, whence we can skip conditions (1.8) and (1.9)
in this situation. This phenomenon is typical for SPDEs, as for norm continuous
semigroups (S¢)¢>o (in particular, if A = 0) the limes inferior appearing in (1.6) is
always finite.

Now, let us outline the essential ideas for the proof of Theorem 1.1:

e In Theorem 3.1 we will prove that conditions (1.7)—(1.9) are necessary for
invariance of the cone K, where the main idea is to perform a short-time
analysis of the sample paths of the solution processes. We emphasize that
for this implication we do not need the assumption that K is generated by
an unconditional Schauder basis; that is, we can skip Assumption 4.2 here.

e In order to show that conditions (1.7)—(1.9) are sufficient for invariance of
the cone K, we perform several steps:

(1)

(2)

First, we show that the cone K is invariant for diffusion SPDEs (1.2)
with smooths volatilities 07 € CZ(H), j € N; see Theorem 5.3. The
essential idea is to verify the aforementioned SSNC.

Then, we show that the cone K is invariant for diffusion SPDEs (1.2)
with Lipschitz coefficients without imposing smoothness on the volatil-
ities; see Theorem 6.1. The main idea is to approximate the volatility
o by a sequence (o, )nen of smooth volatilities, and to apply a stability
result (see Proposition B.3) for SPDEs.

Then, we show that the cone K is invariant for general jump-diffusion
SPDEs (1.1) with Lipschitz coefficients; see Theorem 7.1. This is done
by using the so-called method to switch on the jumps — also used in
[10] — and the aforementioned stability result for SPDEs.

Finally, we show that the cone K is invariant for the SPDE (1.1) in the
general situation, where the coefficients are locally Lipschitz and sat-
isfy the linear growth condition; see Theorem 8.1. This is done by ap-
proximating the parameters (a, 0,7) of the SPDE (1.1) by a sequence
(ny Oy Yn)nen of globally Lipschitz coefficients, and to argue by sta-
bility. In order to ensure that the modified coefficients (v, oy, ¥n) also
satisfy the required invariance conditions (1.7)—(1.9), the structural
properties of closed convex cones are essential.

The most challenging is the second step, where we approximate the volatility o
by a sequence (0,)nen of smooth volatilities. In particular, for an application of



INVARIANCE OF CLOSED CONVEX CONES 5

our stability result (Proposition B.3) we must ensure that all o,, are Lipschitz con-
tinuous with a joint Lipschitz constant. We can roughly divide the approximation
procedure into the following steps:

(a) First, we approximate o by a sequence (0, )nen of bounded volatilities with
finite dimensional range; see Propositions D.13 and D.15. We construct
similar approximations (ay,)nen for the drift a; see Propositions C.8 and
C.11.

(b) Then, we approximate a bounded volatility o with finite dimensional range
by a sequence (0,)nen from C’; "1 This is done by the so-called sup-inf
convolution technique from [23]; see Proposition D.27. Although we do not
use it in this paper, we mention the related article [22], which shows how a
Lipschitz function can be approximated by uniformly Gateaux differentiable
functions.

(¢) Finally, we approximate a volatility o from C’; 1 by a sequence (0n)neN
from C7; see Proposition D.37. This is done by a generalization of the
mollifying technique in infinite dimension. For this procedure, we follow
the construction provided in [15], which constitutes a generalization of a
result from Moulis (see [27]), whence we also refer to this method as Moulis’
method. Concerning smooth approximations in infinite dimensional spaces,
we also mention the related papers [1, 2, 17, 18].

We emphasize that we cannot directly apply Moulis’ method in step (b), because for
a Lipschitz continuous function ¢ this would only provide a sequence (0, )nen from
C? —in fact, even C'* — but the second order derivatives might be unbounded. Ap-
plying the sup-inf convolution technique before ensures that we obtain a sequence
from C?. We mention that a combination of the sup-inf convolution technique and
Moulis’ method has also been used in [1] in order to prove that every Lipschitz con-
tinuous function defined on a (possibly infinite dimensional) separable Riemannian
manifold can be uniformly approximated by smooth Lipschitz functions.

Besides the aforementioned required joint Lipschitz constant, we have to take
care that the respective approximations (o, ),en of the volatility o remain parallel
at boundary points of the cone; that is, condition (1.9) must be preserved, which is
expressed by Definition C.3. The situation is similar for the approximations (a, )nen
of the drift . They must remain inward pointing at boundary points of the cone;
that is, condition (1.8) must be preserved, which is expressed by Definition C.2.

It arises the problem that we can generally not ensure in steps (b) and (c) that the
approximating volatilities remain parallel. In order to illustrate the situation in step
(c), where we apply Moulis’ method, let us assume for the sake of simplicity that
the state space is H = R?. Then the construction of the approximating sequence
(0n)nen becomes simpler than in the infinite dimensional situation in [15], and it
is given by the well-known construction

on RESRY o, (h) = /Rd a(h— g9)¢n(9)dg,

where (¢n)neny € C®(R%, R, ) is an appropriate sequence of mollifiers. Then, for
(h*,h) € D, which implies (h*, h) = 0, we generally have

00} = [ (0.a(h = g))eulo)da 70

because we only have (h*,o(h)) = 0, but generally not (h*,o(h — g)) = 0 for all
g € R from a neighborhood of 0. This problem leads to the notion of locally parallel
functions (see Definition D.1), which have the desired property that (h*,o(h—g)) =
0 for all ¢ € R? from an appropriate neighborhood of 0. In order to implement this
concept, we have to show that a parallel function can be approximated by a sequence
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of locally parallel functions. The idea is to approximate a function o : R — R? for
€ > 0 by taking o o ®., where

(I)e : Rd _>Rd7 ée(h) = (¢6(h1)7"'7¢6(hd))7
and where the function ¢, : R — R is defined as
(1.14) de(x) = (7 + )L (_oo,—q(x) + (2 — €)1} o0y (2),

see Figure 2. We can also establish this procedure in infinite dimension; see Propo-
sition D.18.

FIGURE 2. Approximation with locally parallel functions.

The remainder of this paper is organized as follows. In Section 2 we present the
mathematical framework and preliminary results. In Section 3 we prove that our
invariance conditions are necessary for invariance of the cone. In Section 4 we pro-
vide the required background about closed convex cones generated by unconditional
Schauder basis. Afterwards, we start with the proof that our invariance conditions
are sufficient for invariance of in the cone. In Section 5 we prove this for diffusion
SPDEs with smooth volatilities, in Section 6 for diffusion SPDEs with Lipschitz
coeflicients without imposing smoothness on the volatility, in Section 7 for general
jump-diffusion SPDEs with Lipschitz coefficients, and in Section 8 for the general
situation of jump-diffusion SPDEs with coefficients being locally Lipschitz and sat-
isfying the linear growth condition. In Appendix A we collect the function spaces
which we use throughout this paper, and in Appendix B we present the required
stability result for SPDEs. In Appendix C we provide the required results about
inward pointing functions, and in Appendix D about parallel functions.

2. MATHEMATICAL FRAMEWORK AND PRELIMINARY RESULTS

In this section, we present the mathematical framework and preliminary results.
Let (2, F, (Ft)ter, , P) be afiltered probability space satisfying the usual conditions.
Let H be a separable Hilbert space and let A : D(A) C H — H be the infinitesimal
generator of a Cp-semigroup (S¢)>0 on H.

2.1. Assumption. We assume that the semigroup (Si)i>0 is pseudo-contractive;
that is, there exists a constant 8 > 0 such that

(2.1) S| < €Pt for all t > 0.
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Let U be a separable Hilbert space, and let W be an U-valued @-Wiener pro-
cess for some nuclear, self-adjoint, positive definite linear operator @ € L(U); see
[6, pages 86, 87]. There exist an orthonormal basis {e;};eny of U and a sequence
(Aj)jen C (0,00) with >,y A; < oo such that

Q@j = )\j@j for all j € N.

Let (E,&) be a Blackwell space, and let u be a homogeneous Poisson random
measure with compensator dt ® F(dz) for some o-finite measure F on (F,E); see
[21, Def. I1.1.20]. The space Uy := Q/?(U), equipped with the inner product

(2.2) (u, )y, = Q™Y u, Q™ ?)y,

is another separable Hilbert space. We denote by L(H) := Lo(Uy, H) the space
of all Hilbert-Schmidt operators from Uy into H. We fix the orthonormal basis
{g;}jen of Uy given by g; := \/Aje; for each j € N, and for each o € LY(H) we set
07 := ogj for j € N. Furthermore, we denote by L?(F) := L?(E, £, F; H) the space
of all square-integrable functions from E into H. Let o : H — H, o : H — LY(H)
and v : H — L?(F) be measurable functions. Concerning the upcoming notation,
we remind the reader that in Appendix A we have collected the function spaces
used in this paper.

2.2. Assumption. We suppose that
o € Lip°(H) NLG(H),
o € Lip"°(H, LY(H)) N LG(H, LY(H)),
v € Lip'°°(H, L*(F)) N LG(H, L*(F)).
Assumption 2.2 ensures that for each hy € H the SPDE (1.1) has a unique

mild solution; that is, an H-valued cadlag adapted process r, unique up to indis-
tinguishability, such that

¢ ¢

re = Stho +/ St—sa(rs)ds +/ Si—s0(rs)dWs

(2.3) , Y 0

+/ Si_so(rs—,x)(u(ds,dz) — F(dx)ds), teR;.
0

The sequence (37);en defined as
. 1
(2.4) pli=—=(W.e;), jEN

VA

is a sequence of real-valued standard Wiener processes, and we can write (2.3)
equivalently as

¢ t
Ty = Siho +/ Si_sa(rs)ds + Z/ Si—s0” (rs)dp?
(2.5) ’ jen "o

t
+/ Si—so(rs—, x)(u(ds,dz) — F(dz)ds), teR;.
0

Note that Assumption 2.2 is implied by the slightly stronger conditions
o € Lip(H), o € Lip(H,LY(H)) and -+ € Lip(H, L*(F)).

Under such global Lipschitz conditions, we refer the reader to [6, 33, 16, 24] for diffu-
sion SPDEs, to [31] for Lévy driven SPDEs, and to [25, 9] for general jump-diffusion
SPDEs. Under the local Lipschitz and linear growth conditions from Assumption
2.2, we refer to [36].
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2.3. Definition. A subset K C H is called invariant for the SPDE (1.1) if for each
ho € K we have r € K up to an evanescent set', where r denotes the mild solution
to (1.1) with ro = hyg.

2.4. Definition. A subset K C H is called a cone if we have Ah € K for all A > 0
and all h € K.

2.5. Definition. A cone K C H is called a convex cone if we have h + g € K for
all h,g € H.

Note that a convex cone K C H is indeed a convex subset of H.

2.6. Definition. A convex cone K C H is called a closed convex cone if it is closed
as a subset of H.

For what follows, we fix a closed convex cone K C H. Denoting by K* C H its
dual cone (1.3), the cone K has the representation (1.4).

2.7. Definition. A subset G* C K* is called a generating system of the cone K if
we have the representation (1.5).

Of course G* = K* is a generating system of the cone K. However, for appli-
cations we will choose the generating system G* as convenient as possible. In this
respect, we mention that, by Lindel6f’s lemma, the cone K admits a generating
system G* which is at most countable. For what follows, we fix a generating system
G* C K~.

2.8. Definition. For a function f : H — H we say that K is f-invariant if f(K) C
K.

2.9. Definition. The closed convexr cone K is called invariant for the semigroup
(St)i>0 if K is Si-invariant for all t > 0.

According to [30, Cor. 1.10.6] the adjoint semigroup (S} );>0 is a Cp-semigroup
on H with infinitesimal generator A*.
2.10. Lemma. The following statements are equivalent:
(i) K is invariant for the semigroup (Si)i>o.
(il) K* is invariant for the adjoint semigroup (S{)i>o0-
Proof. For all (h*,h) € K* x K and all t > 0 we have
(h*, S¢h) = (Sfh*, h),

and hence, the representations (1.4) and (1.3) of K and K* prove the claimed
equivalence. O

For A > (3, where the constant 8 > 0 stems from the growth estimate (2.1), we
define the resolvent Ry := (A — A)~!. We consider the abstract Cauchy problem

{ d?"t = ATt dt

2.6
( ) ro = ho.

2.11. Lemma. The following statements are equivalent:

(1) K is invariant for the semigroup (S;)i>o.
(il) K is invariant for the abstract Cauchy problem (2.6).
(i) K is Ry-invariant for all X > 5.

LA random set A C Q2 x Ry is called evanescent if the set {w € Q : (w,t) € A for some ¢t € R}
is a P-nullset, cf. [21, 1.1.10].
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Proof. (i) < (ii): This equivalence follows, because for each hy € K the mild solu-
tion to the abstract Cauchy problem (2.6) is given by r; = Sihg for ¢t > 0.
(i) = (iii): For each A > § and each h € K we have

Ryh :/ e MS,hdt € K.
0

(iii) = (i): Let t > 0 and h € K be arbitrary. By the exponential formula (see [30,
Thm. 1.8.3]) we have

S;h = lim (T;Rn/t) hek,

n—oo

completing the proof. O
From now on, we make the following assumption.

2.12. Assumption. We assume that the cone K is invariant for the semigroup
(St)t>0; that is, any of the equivalent conditions from Lemma 2.11 is fulfilled.

2.13. Lemma. For all (h*,h) € G* x K we have

(h*,Sih) —

lim inf e R;.

tl0

Proof. Since K is invariant for the semigroup (S;):>0, we have (h*, S h) > 0 for all
t > 0, which establishes the proof. O

2.14. Definition. For g,h € H we write g <g h if h—g € K.

Recall the set D C G* x K defined in (1.6). We define the function

0:DSR., a(h* h) = limint S0
tl0 t

2.15. Lemma. For each (h*,h) € D the following statements are true:
1) We have (h*,h) = 0.
2) For all X\ > 0 we have (h*,A\h) € D and

a(h*, \h) = Xa(h*, h).
3) For all g € K with g <k h we have (h*,g) € D and
(2.8) a(h®,g) < a(h*,h).
Proof. For each (h*,h) € G* x K with (h*, h) > 0 we have
lim({h*, 5,h) = (h",h) >0,

(
(
2.7)
(

and hence
h*, S¢h
lim inf B, Seh) = 00,
t10
showing that (h*, h) ¢ D. This proves the first statement, and we proceed with the
second statement. Since K is a cone, we have Ah € K. Furthermore, we have
h* Ah h*, Sih
tim i Sy g 55
10 t 10 t
showing (h*, Ah) € D and the identity (2.7). For the proof of the third statement,
let t > 0 be arbitrary. By Lemma 2.10 we have S;h* € K*. Since g <k h, we obtain
(Sfh*,h — gy > 0, and hence
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Consequently, we have
(2.9) (h*, Seg) < (h*,Sth) for all £ > 0.

There exists a sequence (t,)neny C (0,00) with ¢, | 0 such that the sequence
(bn)nen C Ry defined as

h*, S, h
b, = ”775"% neN
converges to a(h*, h) € R. Defining the sequence (a,)neny C Ry as
h*, S,
Ay i= <’tit"g>, n €N,

by (2.9) we have 0 < a, < b, for each n € N. Hence, the sequence (a)nen
is bounded, and by the Bolzano-Weierstrass theorem there exists a subsequence
(nk)ken such that (an, )ren converges to some a € Ry with a < a(h*,h), which
proves (h*,g) € D and (2.8). O

2.16. Lemma. Let (h*,h) € G* x K with (h*,h) = 0 be arbitrary. Then the follow-
ing statements are true:

(1) If h € D(A), then we have (h*,h) € D and

(2.10) lim inf W% Seh) e apy.
(2) If h* € D(A*), then we have (h*,h) € D and
(2.11) i inf S g gy,

0 t

(3) If the semigroup (S¢)i>0 s norm continuous, then we have (h*,h) € D as
well as (2.10) and (2.11).

Proof. If h € D(A), then we have
(h*,S¢hy  (h*,Sih) — (h*,h)  (h*,Sith—h) <h* Sith —h

t t t
as t | 0, showing the first statement. Furthermore, if h* € D(A*), then we obtain
(h*, Seh) _ (Sgh*,h) _ (Sfh*,h) —(h*, h)

> — (h*, Ah)

t t t
Sfh* —h*, h Syh* — h*
_ (& ’ >=< : ,h>—><A*h*,h>
t t
as t | 0, showing the second statement. The third statement is an immediate con-
sequence of the first and the second statement. O

The following definition is inspired by [26, Lemma 5|.

2.17. Definition. We call A* a local operator if G* C D(A*), and for all (h*,h) €
D we have (A*h*, h) = 0.

2.18. Proposition. Suppose that condition (1.7) is fulfilled. Then for all (h*,h) €
D the following statements are true:

(1) We have
(h*,v(h,z)) >0 for F-almost all z € E.
(2) We have
[ (o)) € B
E

(3) If condition (1.8) is satisfied, then we have (1.10).
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4) If h € D(A), then conditions (1.8) and (1.11) are equivalent.

) If h* € D(A*), then conditions (1.8) and (1.12) are equivalent.

) If A* is a local operator, then conditions (1.8) and (1.13) are equivalent.
)

(
E
(7) Condition (1.13) implies (1.8).

5
6
7
Proof. By (1.7), for F-almost all © € E we have

<h*37(h71')> - <h*a h> + <h*77(hax)> - <h*7 h+ ’Y(hax» >0,

which establishes the first statement. The second statement is an immediate con-
sequence, and the third statement is obvious. The fourth and the fifth statement
follow from Lemma 2.16. Taking into account Definition 2.17, the sixth statement is
an immediate consequence of the fifth statement. Finally, the last statement follows
from the first statement. U

In view of condition (1.11), we emphasize that K N D(A) is dense is K, which
follows from the next result.

2.19. Lemma. We have K = K N D(A).

Proof. Since K is closed, we have K N D(A) C K. In order to prove the converse

inclusion, let h € K be arbitrary. For ¢t > 0 we set h; := % fot Sshds. Then we have

hy € D(A) for each t > 0, and we have hy — h for ¢ | 0. It remains to show that
h: € K for each ¢t > 0. For this purpose, let t > 0 and h* € G* be arbitrary. Since
K is invariant for the semigroup (S;);>0, we obtain

1 [t 1 [t
(h*, hy) = <h*, f/ Sshds> = f/ (h*, Sgh)ds > 0,
tJo tJo
showing that h; € K. O

3. NECESSITY OF THE INVARIANCE CONDITIONS

In this section, we prove the necessity of our invariance conditions.

3.1. Theorem. Suppose that Assumptions 2.1, 2.2 and 2.12 are fulfilled. If the
closed convex cone K is invariant for the SPDE (1.1), then we have (1.7), and for
all (h*,h) € D we have (1.8) and (1.9).

Proof. Condition (1.7) follows from [12, Lemma 2.11|. Let (h*, h) € D be arbitrary,
and denote by 7 the mild solution to (1.1) with ro = h. Since the measure space
(E, &, F) is o-finite, there exists an increasing sequence (B, )nen C € with F(B,,) <
oo for each n € N such that £ = J,,cjy Bn. Let n € N be arbitrary. According to
[12, Lemma 2.20] the mapping T}, : Q — R given by

T, = inf{t € Ry : u([0,] x By) = 1}

is a strictly positive stopping time. We denote by r™ the mild solution to the SPDE

dr} = (AT? + Oé(?“f) — an fy(r?’ -I)F(dl‘))dt + U(Tf)th
+ [pe 7(ri= 2) (u(dt, do) — F(dz)dt)
rg = h

Since K is a closed subset of H, by [12, Prop. 2.21] we obtain (r")T» € K up to an
evanescent set. We define the strictly positive, bounded stopping time

T=inf{t € Ry« [rP] > 1+ |} AT, AT
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Furthermore, for every stopping time R < T we define the processes A"(R) and
M"™(R) as

¢
A™(R); ::/ <h*,SR_S<a(rg)/ 'y(r?,:z:)F(dz)>>]l{st}ds, teRy,
0 Bn
¢
M"(R) ;:/ (0", Srso (™) Lo sy dWs
0

t
[0 Sk o) L (s do) — Fldods), o€ R
0 B

Then, by the Cauchy-Schwarz inequality and Assumptions 2.1, 2.2 we have A"(R) €
Aand M"(R) € H? for each stopping time R < T, where A denotes the space of all
finite variation processes with integrable variation (see [21, 1.3.7]) and H? denotes
the space of all square-integrable martingales (see [21, Def. 1.1.41]). Moreover, we
have P-almost surely

0 S <h*77’%/\t> = <h*, ST/\th> + An(T A t)T/\t + Mn(T AN t)T/\t for all t € R+.
Let (tx)ken C (0,00) be a sequence with ¢ | 0 such that

(3.1) liming PSR o (BT Suh)
t10 t k— o0 tr

By Lebesgue’s dominated convergence theorem we obtain

0 < lim —E[(h",ryp,, )] = khm —E[(h*, STat, h)] —|—khm —E[A™(T Atg)rat,]

k—oo tg —00 tg —oo tg

= tim PSR ey G,
k— o0 tr B,
showing that
(3.2) lirﬁ%nf%<h*,5th)+<h*,a(h)>f / (h*,~(h, z))F(dz) > 0.
B,

Furthermore, by the monotone convergence theorem and Proposition 2.18 we have

(3.3) /E<h*77(h,x))F(dm) = lim (h*,y(h,z))F (dx).

n—oo B
n

Combining (3.2) and (3.3), we arrive at (1.8).
Now, suppose that condition (1.9) is not fulfilled. Then there exist j € N and
(h*,h) € D such that (h*,07(h)) # 0. We define , ® € R by

(h*, Sth) n+1
t

4 := lim inf —_—
(B4) - m=limgp U, o7 (h)

+ (h*,a(h)) and & :=-—

Note that, by (1.8) and Proposition 2.18 we have y € R . The stochastic exponential
7 = E(®p),

where the Wiener process 37 is given by (2.4), is a strictly positive, continuous local
martingale. We define the strictly positive, bounded stopping time

ANinf{t e Ry : (Z,Z); > 1} A L.
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For every stopping time R < T we define the processes A(R), M(R) and N(R) as

t
A(R) Z:/ <h*,SR_SOZ(T5)>]].{st}dS, te Ry,
0
t
M(R), = / (1", S s (ra)) Lo sy AW,
0

t
[ [ Snmar e )L (0(ds. do) ~ Fldn)ds), 1€ Ry,
0 E
t t
N(R)¢ 12/ (A(R)s— + M(R)s—)1{p>sdZs +/ Zslr>sydM(R)s, t€Ry.
0 0

Then, by Assumptions 2.1, 2.2 we have A(R) € A and M(R), N(R) € H? for each
stopping time R < T'. Moreover, we have P-almost surely

0 < (h*,rppe) = (B, Stath) + A(T AN t)rar + M(T ANt)pae for all t € Ry,

Let R < T be an arbitrary stopping time. By [21, Prop. 1.4.49] we have [A(R), Z%] =
0, and by [21, Thm. 1.4.52] we have [M(R), Z%] = (M(R)¢, Z®). Therefore, and
since

t
ZtR:1+q)/ Z U g>sydBl, tERy,
0

by [21, Def. 1.4.45] we obtain
(A(R)¢ + M(R))Z = N(R): + /t ZL{r>s}dA(R)s + (M(R)", Z")
(3.5) 0

t
= N(R); +/ (h*, Sp—s(a(rs) + @Uj(rs)»Zs]l{RZS}ds, teR,.
0

Let (t;)ren C (0,00) be a sequence with ¢ | 0 such that we have (3.1). By (3.5),
Lebesgue’s dominated convergence theorem and (3.4) we obtain

: 1 PR . 1 *
0 < lim —E[h*, v, ) Zrae,] = lim —E[(h", Spat, h) Zrat,]

k—oo Tk T koo k

1
+ lim —E[(A(T Atr)rne, + M(T Atg)pas, ) ZEAF]

k—oo T} Thte
h*, Sih .
_ Jiming S5 (h*,a(h) + ®a?(h))
t10 t
=n+®h* 0l (h) =n—(n+1) =1,
a contradiction. O

4. CONES GENERATED BY UNCONDITIONAL SCHAUDER BASES

In this section, we provide the required background about closed convex cones
generated by unconditional Schauder bases. Let {ey, }ren be an unconditional Schau-
der basis of the Hilbert space H; that is, for each h € H there is a unique sequence
(hk)ken C R such that

(4.1) h = Z hrek,
keN
and the series (4.1) converges unconditionally. Without loss of generality, we assume

that ||ex|| = 1 for all k € N.

4.1. Remark. FEvery orthonormal basis of the Hilbert space H is an unconditional
Schauder basis. Of course, the converse statement is not true, but for every uncon-
ditional Schauder basis of the Hilbert space H there is an equivalent inner product
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on H under which the unconditional Schauder basis is an orthonormal basis; see
[3]-
There are unique elements {e} }reny C H such that

(e, h) = hy, for each h € H,

where we refer to the series representation (4.1); see |7, page 164]. Given these
coordinate functionals {e} }ren, we also call {e}, ex }ren an unconditional Schauder
basis of H. Recall that, throughout this paper, we consider a closed convex cone
K C H with representation (1.5) for some generating system G* C K*. Now, we
make an additional assumption on the generating system G* of the cone.

4.2. Assumption. We assume there is an unconditional Schauder basis {e},, ex tren
of H such that

G* C {0} :0 € {-1,1} and k € N}.

4.3. Remark. FEquivalently, we could demand G* C J,cn(ey). Assumption 4.2
ensures that the generating system G* becomes minimal.

We define the sequence (E,)nen, of finite dimensional subspaces E, C H as
E, = {(e1,...,ey). Furthermore, we define the sequence (II,,)nen, of projections
I, € L(H,E,) as

(4.2) M.h =Y (ep,h)ex =Y hpex, h€ H,
k=1 k=1

where we refer to the series representation (4.1) of h. We denote by be({e;}ien) =
sup,,cy ||| the basis constant of the Schauder basis {ex }ren. Since the Schauder
basis is unconditional, by [7, Prop. 6.31] there is a constant C' € R such for all
meN, all A\y,...,\, €Rand all €1,...,€6, € {—1,1} we have

m m
E Akek
k=1

Z €L >\k €L
k=1

The smallest possible constant C' € Ry such that the inequality (4.3) is fulfilled, is

called the unconditional basis constant, and is denoted by ubc({e;}en).

(4.3) <C

4.4. Lemma. The following statements are true:

(1) We have 1 <bc({ei}ien) < ubc({e1}ien)-

(2) For each k € N we have ||{e}, )| < 2bc({e;}ien)-

(3) For all h € H with representation (4.1) and every bounded sequence (Ag)ken
we have

g = Z)\khkek cH
keN

with norm estimate
ol < wbe({eryien)  sup [ 2]
keN
Proof. The first statement follows the proof of [7, Prop. 6.31]. Noting that |lex| = 1,
by the Cauchy-Schwarz inequality, Assumption 4.2 and the identity
llexll llex]l < 2be({ei}ien)
from [7, page 164], for each h € H we obtain
[(ek, )| < llex [ IRl < 2be({er}ien) [IA]-
The third statement follows from [7, Lemma 6.33]. O
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4.5. Lemma. The following statements are true:

(1) We have I1,, — Idy as n — co.
(2) For allk,n €N, all h* € (e};) and all h € H we have

(R, Th) = (b, ) L {k<ny-
Proof. The first statement follows from |7, Lemma 6.2.iii|, and the second statement
follows from the definition (4.2) of the projection IL,. d
5. SUFFICIENCY OF THE INVARIANCE CONDITIONS FOR DIFFUSION SPDES WITH

SMOOTH VOLATILITIES

In this section, we prove the sufficiency of our invariance conditions for diffusion
SPDEs (1.2) with smooth volatilities. Recall that the distance function dg : H —
R, of the cone K is given by

dr(h) = Jnf [ —gll.
5.1. Lemma. The following statements are true:
(1) For all A\ >0 and h € H we have
5.1) di(Ah) = Mgk (h).
(2) For allh € H and g € K we have
(5.2) di (h+g) < dg(h).

Proof. Let h € H be arbitrary. For A = 0 both sides in (5.1) are zero, and for A > 0,
by Definition 2.4 we obtain

dic(Ah) = inf [|M —glf = Inf [Ah = Af|| =X Qnf [[h— f]| = Adi(h),

(

proving the first statement. For the proof of the second statement, let h € H and
g € K be arbitrary. Note that K C K — {g}. Indeed, for each f € K by Definition
2.5 we have f + g € K, and hence f = (f +g) —g € K — {g}. This gives us

di(h+g) = inf |[(h+g) = fl| = jnf |h=(f =gl
= inf h—e| < inf |h —e| = dx(h),
ceilfo 1P —ell < inf ik = el = dix(R)
establishing the second statement. O

The following result ensures that the stochastic semigroup Nagumo’s condition
(SSNC) is fulfilled in our situation.
5.2. Proposition. Let ¥ € F(H) be such that for all (h*,h) € D we have
h*, Sih
(5.3) lim inf (B, Seh) +
tl0 t
Then, for each h € K we have

(h*,%(h)) = 0.

1
(5.4) liminf —dg (Sih +tE(h)) = 0.
tlo t
Proof. Since ¥ € F(H), there is an index n € N such that ¥(H) C E,,. Let h € K
be arbitrary. We set N,, := {1,...,n} and
N} :={k €N, : (e},h) € D or (—e},h) € D},
N2 :={keN,:ef € G or —e} € G*}
N{keN, : (e, h) ¢ D and (—ej,h) ¢ D},
N2 :={keN,:ef¢G" and —e¢} ¢ G*}.
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Then we have the decomposition N,, = N UN2 UN? | for each k € N} there exists

0 € {—1,1} such that (6xe},h) € D, and for each k € N2 there exists ), € {—1,1}

such that fre; € G* and (Ore},h) ¢ D. Furthermore, we set 6, := 1 for each

k € N3. There is a sequence (t;,)men C (0,00) with ¢,, | 0 such that

(5.5) cm(k) >0 for all m € N and all k € N2.

where we agree on the notation

(Oref, St h+ tX(h))
tm

Inductively, we define the subsequences (m(k),)pen for k € {0} UN, as follows:

(1) For k =0 we set m(0), := p for each p € N.

(2) Let k € N} be arbitrary, and suppose that we have defined (m(l),)yen,
where [ denotes the largest integer from {0} UN} with [ < k. We distinguish
two cases:

e Ifliminf, ;. (), (k) = o0, then we choose a subsequence (m(k),)pen
of (m(l)p)pen such that ¢y, (k) > 0 for all p € N.

e Otherwise, we choose a subsequence (m(k),)pen of (m(l)p)pen such
that ¢, ), (k) converges to a finite limit for p — oo.

em (k) =

for all m € N and all £ € N,,.

Now, we define the subsequence (m,)yen as m, := m(k), for each p € N, where k
denotes the largest integer from {0} UNL. Furthermore, we define the sets

NL* = {k; €N}, : liminf ¢, (k) < oo},

p—

N,llb = {k: eNL: liminf ¢y, (k) = oo}

p—o0

Then we have the decomposition N} = N1¢ UNL!® and by (5.3) we have

(5.6) lim ¢, (k) € Ry forall k € N,
p—ro0
(5.7) ¢m, (k) >0 forallpe N andall k€ N2

Since ¥(H) C E,, and K is invariant for the semigroup (S¢);>0 and (Id — II,)-
invariant, by Lemma 5.1 and (5.5), (5.7), for each p € N we obtain

1 1
—dg (St b+t B(h) = ——dic ((Id = 11,) Sy, h+11(Sh,, b+ tm, X(h)))
|

tm, tm,
€K

St b4t S(h)
dic (T (Se,, b+ tm, B(h))) = di (Hn > >

tm,

IN

1
tm,

K( > cm, (K)Orer+ Y cmp(k)6k6k> gdK( > cmp(k)9k6k>,

keNle keNLPUNZ UN3 keNLe

|
o

€K
and by the continuity of the distance function dx and (5.6) we have

pILH;OdK< Z Cm,,(k)ok@k) = dK( Z pan;ocmz,(k)erk) =0,

keNla keNLe

€K
completing the proof. O
5.3. Theorem. Suppose that Assumptions 2.1, 2.12 and 4.2 are fulfilled, and that
a € Lip(H)NF(H)NB(H),
o € F(H,LY(H))NCZ(H,LY(H)).
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If we have

(5.8) lin inf M + (h*,a(h)) >0 for all (K, h) € D,

and for all (h*,h) € D and each j € N there exists € = e(h*, h,j) > 0 such that
(5.9) (h*, 09 (h—g)) =0 forall g € H with ||g|| <e,

then the closed convex cone K is invariant for the SPDE (1.2).

Proof. Condition (5.9) just means that for each j € N the function ¢/ : H — H
is weakly locally parallel in the sense of Definition D.2, which allows us to apply
Lemma D.7 in the sequel. Let p : H — H be the function defined in (D.3). According
to our hypotheses and Lemma D.6, all assumptions from [29] are satisfied. Let
u € Uy be arbitrary, and define the function > : H — H as

X(h) :=a(h) — p(h) +o(h)u, he H.

Since @ € F(H) and o € F(H,LY(H)), we have ¥ € F(H). Let (h*,h) € D be
arbitrary. Then, by (5.8) and Lemmas D.7, D.8 we deduce that condition (5.3) is
fulfilled. Therefore, by Proposition 5.2 the SSNC (5.4) is fulfilled. Consequently,
applying [29, Prop. 1.1] yields that the closed convex cone K is invariant for the
SPDE (1.2). O

6. SUFFICIENCY OF THE INVARIANCE CONDITIONS FOR DIFFUSION SPDES WITH
LIPSCHITZ COEFFICIENTS

In this section, we prove that our invariance conditions are sufficient for diffu-
sion SPDEs (1.2) with Lipschitz coefficients, without imposing smoothness on the
volatility.

6.1. Theorem. Suppose that Assumptions 2.1, 2.12 and 4.2 are fulfilled, and that
a € Lip(H) and o € Lip(H,LY(H)). If for all (h*,h) € D we have (5.8) and (1.9),
then the closed convex cone K is invariant for the SPDE (1.2).

Proof. For the proof of this result, we will apply the results from Appendices C and
D. Note that Assumption C.1 is fulfilled by virtue of Lemma 2.15. Concerning the
drift «, we use the approximation results from Appendix C as follows:
(1) Condition (5.8) just means that (a,«) is inward pointing in the sense of
Definition C.2.
(2) By our stability result for SPDEs (Proposition B.3) and Proposition C.8
we may assume that
«a € Lip(H) NF(H).
(3) By our stability result for SPDEs (Proposition B.3) and Proposition C.11
we may assume that
a € Lip(H)NF(H)NB(H).
Furthermore, concerning the volatility o, we use the approximation results from
Appendix D as follows:

(1) Condition (1.9) just means that for each j € N the volatility o7 : H — H
is parallel in the sense of Definition C.3.

(2) By our stability result for SPDEs (Proposition B.3) and Proposition D.11
we may assume that

o € Lip(H, LY(H)) N G(H, LY(H)).

This allows us to apply the remaining results from Appendix D (Proposi-
tions D.13-D.37), which are all stated for volatilities of the form o : H — H.
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(3) By our stability result for SPDEs (Proposition B.3) and Proposition D.13
we may assume that

o € Lip(H,LY(H)) NF(H, LY(H)).

(4) By our stability result for SPDEs (Proposition B.3) and Proposition D.15
we may assume that

o € Lip(H, LY(H)) N F(H, LY(H)) N B(H, LY(H)).

(5) By our stability result for SPDEs (Proposition B.3) and Proposition D.18
we may assume that for each j € N the volatility o7 : H — H is locally
parallel in the sense of Definition D.1.

(6) By our stability result for SPDEs (Proposition B.3) and Proposition D.27
we may assume that

o€ F(H,LY(H))NCy' (H, LY(H)),

and that ¢/ : H — H is locally parallel for each j € N.
(7) By our stability result for SPDEs (Proposition B.3) and Proposition D.37
we may assume that

o € F(H,LY(H)) N C2(H, LY(H)),

and that for each j € N the volatility ¢/ : H — H is weakly locally parallel
in the sense of Definition D.2.

Consequently, applying Theorem 5.3 completes the proof. O

7. SUFFICIENCY OF THE INVARIANCE CONDITIONS FOR SPDES WITH LIPSCHITZ
COEFFICIENTS

In this section, we prove that our invariance conditions are sufficient for general
jump-diffusion SPDEs (1.1) with Lipschitz coefficients.

7.1. Theorem. Suppose that Assumptions 2.1, 2.12 and 4.2 are fulfilled, and that
o € Lip(H), o € Lip(H, LY(H)) and v € Lip(H, L*(F)). If we have (1.7), and for
all (h*,h) € D we have (1.8) and (1.9), then the closed convex cone K is invariant
for the SPDE (1.1).

Proof. Since the measure F is o-finite, by our stability result (Proposition B.3) it
suffices to prove that for each B € £ with F(B) < oo the cone K is invariant for
the SPDE

dry = (Ary+a(r) — fB Y(re, ) F(dz))dt + o (ry)dWy
+ [5y(re—, x)p(dt, do)
To = ho.

Moreover, by the jump condition (1.7) and [12, Lemmas 2.12 and 2.20], it suffices
to prove that the cone K is invariant for the SPDE

{ dry = (Ary+ ap(ry))dt + o(ry)dWy

7.1
( ) ro = ho.

where ap : H — H is given by

ap(h) :=a(h) — /B'y(h,x)F(dx), heH.
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Note that by the Cauchy-Schwarz inequality we have ap € Lip(H). Let (h*,h) € D
be arbitrary. By (1.8) and Proposition 2.18 we obtain

(h*, S;h) h*, Sth)

‘ g &
+ (h*,ap(h)) _hrﬁlonf

lim inf

i + (0, alh)

- / (0 () F(der) + / (h* (h,2)) F(dz) > 0.
E

E\B

Therefore, applying Theorem 6.1 yields that the cone K is invariant for the SPDE
(7.1), completing the proof. O

8. SUFFICIENCY OF THE INVARIANCE CONDITIONS AND PROOF OF THE MAIN
RESULT

In this section, we prove that our invariance conditions are sufficient for jump-
diffusion SPDEs (1.2) with coefficients being locally Lipschitz and satisfying the
linear growth condition.

8.1. Theorem. Suppose that Assumptions 2.1, 2.2, 2.12 and 4.2 are fulfilled. If we
have (1.7), and for all (h*,h) € D we have (1.8) and (1.9), then the closed convex
cone K is invariant for the SPDE (1.1).

Proof. Let hg € K be arbitrary. Let (R,)nen be the sequence of retractions R, :
H — H defined according to Definition A.9. We define the sequences of functions

(an)nENa (Jn)nEN and ('Yn)nEN as
ap:=aoR,, o,:=coR, and ~,:=v0R,.
Let n € N be arbitrary. Then, by Lemma A.10 we have
an € Lip(H), o, € Lip(H,L5(H)) and v € Lip(H, L*(F)),
and hence, there exists a unique mild solution " to the SPDE (B.1) with r{ = ho.
Now, we check that conditions (1.7)—(1.9) are fulfilled with (a,o,7) replaced by
(ny OnyYn). Following the notation from Definition A.9, there is a function A, :
H — (0, 1] such that
R, (h) = A\y(h)h forall h € H.
Let h € K be arbitrary. By the properties of the closed convex cone K we have

An(h)h € K and (1 — A\, (h))h € K, and hence, since condition (1.7) is satisfied for
v, we obtain

B4y (h, ) = h+vOn ()b, z) = (1 = Ay (B)h+ A (W)h + (A (MR, z) € K

eEK eK

for F-almost all z € E, showing (1.7) with ~ replaced by ~,. Now, let h* € G* be
such that (h*,h) € D. Then, by Lemma 2.15 we also have (h*, A\, (h)h) € D, and
since condition (1.9) is satisfied for o, we obtain

(n*, a5, (h)) = (h*, 07 (An(R)R)) =0, jEN,
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showing (1.9) with o replaced by o,,. Furthermore, since condition (1.8) is satisfied
for (a,7), we obtain
h*, Sih
lim inf {7, Sih)
£10

(0" () — /E (B A (h, ) F (d)
s,

= lim inf

ni a1} = [ (0 5Ol 2) F(d)

> (1= An(h)) liming 5 iy i 5 SO (WD)
t}0 t 10 t

(0" a(An(B)R)) — /E (h* AR, 2)) F(dz) > 0,

showing (1.8) with (a,7) replaced by (ay,y,). Consequently, by Theorem 7.1 we
have ™ € K up to an evanescent set. Now, we define the increasing sequence
(T)nen, of stopping times by Tj := 0 and

T, :=inf{t e Ry : ||| > n} forallm e N.
Then we have P(T;,, — oo0) = 1, and the mild solution r to (1.1) with ro = hg is
given by

(81) = ho]]-[[To]] + Z Tn]]‘]]Tn—th]]’
neN
showing that » € K up to an evanescent set. O

Now, we are ready to provide the proof of our main result, which concludes the
paper.

Proof of Theorem 1.1. (i) = (ii): This implication follows from Theorem 3.1.
(ii) = (i): This implication follows from Theorem 8.1. O

APPENDIX A. FUNCTION SPACES

In this appendix, we collect the function spaces used in this paper. Let X and
Y be two normed spaces.
A.1. Definition. We introduce the following notions:
(1) For a constant L € Ry a function f : X — Y is called L-Lipschitz if

1f(z) = fW)l < Liz =yl for all z,y € X.

(2) For a constant L € Ry we define the space

Lip, (X,Y) :={f: X = Y : f is L-Lipschitz}.
3) A function f € Lip,(X,Y) is called Lipschitz continuous.
4) We define the space Lip(X,Y) := Uy g, Lipy (X,Y).
5)
6

(
(
(5) For a constant L € Ry we define the space Lip; (X) := Lip, (X, X).
(6) We define the space Lip(X) := Lip(X, X).
A.2. Definition. We introduce the following notions:
(1) A function f: X =Y is called locally Lipschitz if for each C € Ry there
is a constant L(C) € Ry such that
1f (@) = fW)I < L(O)|lx =yl for all z,y € X with |||, [ly|| < C.

(2) We denote by Lip'°°(X,Y) the space of all locally Lipschitz functions f :
X Y.
(3) We define the space Lip'°°(X) := Lip'°°(X, X).

A.3. Definition. We introduce the following notions:
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(1) We say that a function f: X — Y satisfies the linear growth condition if
there is a finite constant C' € Ry such that

[f(@)]| <CA+|z|]) foralzeX.
(2) We denote by LG(X,Y) the space of all functions f : X — Y satisfying the

linear growth condition.
(3) We define the space LG(X) := LG(X,Y).
Note that Lip(X,Y) C Lip“(X,Y) NLG(X,Y).
A 4. Definition. We introduce the following notions:
(1) A function f : X — Y is called bounded if there is a constant M € R4
such that
lf(@)]| <M foralzelX.
(2) We denote by B(X,Y) the space of all bounded functions f: X =Y.
(3) We define the space B(X) := B(X, X).
A.5. Definition. We introduce the following notions:
(1) A function f: X — Y is called locally bounded if for each C € Ry there
is a constant M(C) € Ry such that
I (@) < M(C) forallxz € X with ||z| < C.

(2) We denote by B1°°(X,Y) the space of all locally bounded functions f : X —
Y.
(3) We define the space B°¢(X) := Bl°¢(X, X).
Note that LG(X,Y) C B¢(X,Y).
A.6. Definition. We introduce the following notions:
(1) We denote by C(X,Y) the space of all continuous functions f: X =Y.
(2) We define the space Cb(X,Y) := C(X,Y)NB(X,Y).
(3) We define the spaces C(X) := C(X, X) and Cp(X) = Cp(X, X).

Note that Lip'°®(X,Y) c C(X,Y). For the next definition, we agree about the
convention N := N U {oo}, where N = {1,2,3,...} denotes the natural numbers.
A.7. Definition. Let p € N be arbitrary.

(1) We denote by CP(X,Y) the space of all p-times continuously differentiable
functions f : X =Y.
(2) We denote by C} (X,Y) the space of all f € CP(X,Y) such that f is bounded
and the derivatives D*f, k=1,...,p are bounded.
(3) We define the spaces CP(X) := CP(X,X) and C}(X) = C} (X, X).
Note that C}(X,Y) C Lip(X,Y) NB(X,Y).
A.8. Definition. We introduce the following notions:

(1) We denote by C;’I(X7Y) the space of all f € CH(X,Y) such that Df €
Lip(X, L(X,Y)).
(2) We define the space Cp (X) == Cp (X, X).

Note that C2(X,Y) c Cp'(X,Y) C CLH(X,Y).
A.9. Definition. For each n € N we define the retraction
R,: X =X, Ry(z):=M\(2)x,
where the function A, : X — (0, 1] is given by

n
An (@) = Lyjjzj<n} + mﬂ{nmnm}v zeX.
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The following auxiliary result is well-known.

A.10. Lemma. The following statements are true:

(1) We have R, — Idx as n — co.
(2) For each n € N we have R,, € Lip;(X)NB(X).

APPENDIX B. STABILITY RESULT FOR SPDEs

In this appendix, we present the required stability result for SPDEs. The math-
ematical framework is that of Section 2. Apart from the SPDE (1.1), we consider
the sequence of SPDEs given by

(B.1)
{ dri = (Ar} + an(rP))dt + on (r?)dWy + [ Y (rie, z)(u(dt, dz) — F(dz)dt)
’I“SL = ho

for each n € N.

B.1. Assumption. We suppose that the following conditions are fulfilled:

(1) There exists L € Ry such that o, € Lip, (H), o, € Lip,(H,L3(H)) and
Yn € Lipy (H, L3(F)) for all n € N.
(2) We have a,, = «, 0y, = 0 and v, — v for n — co.

B.2. Proposition. Suppose that Assumption B.1 is fulfilled. Then, for each hg € H
we have

E| sup |, —r}|?

t€[0,T]

— 0 foreveryT € Ry,

where v denotes the mild solution to (1.1) with v = hg, and for each n € N the
process ™ denotes the mild solution to (B.1) with r{y = hg.

Proof. This is a consequence of [9, Prop. 9.1.2]. O

B.3. Proposition. Suppose that Assumption B.1 is fulfilled, and that for eachm € N
the closed convex cone K is invariant for the SPDE (B.1). Then K is also invariant
for the SPDE (1.1).

Proof. Let hy € K be arbitrary. We denote by r the mild solution to (1.1) with
ro = hg, and for each n € N we denote by " the mild solution to (B.1) with
ry = ho. Then, for each n € N there is an event Q, € F with P(Qn) =1 such that
r(w) € K for all (w,t) € Q, x R,. Setting Q := Mhen Q, € F we have P(Q) = 1
and 77 (w) € K for all (w,t) € @ x Ry and all n € N. Now, let N € N be arbitrary.
By Proposition B.2 we have

E| sup |r; —r"|*| — 0,
te[0,N]
and hence, there is a subsequence (ny)ren such that P-almost surely

sup |re — % — 0.
tel0,N]
Since K is closed, there is an event Qn € F with IP’(QN)iz 1 such that r¢(w) € K for
all (w,t) € Qn x [0, N]. Therefore, setting  := (| ycn 2v € F we obtain P(Q2) =1
and 7¢(w) € K for all (w,t) € Q x Ry, showing that K is invariant for (1.1). O
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APPENDIX C. INWARD POINTING FUNCTIONS

In this appendix, we provide the required results about inward pointing functions,
which we need for the proof of Theorem 6.1. As in Section 2, let H be a separable
Hilbert space, let K C H be a closed convex cone, and let G* C K* be a generating
system of the cone such that Assumption 4.2 is fulfilled. Let D C G* x K be a
subset, and let a : D — R, be a function.

C.1. Assumption. We suppose that for each (h*,h) € D the following conditions
are fulfilled:

(1) We have (h*,h) = 0.

(2) For all X >0 we have (h*,A\h) € D and

a(h*, Ah) = Xa(h*, h).
(3) For all g € K with g <k h we have (h*,g) € D and
a(h”,g) < a(h”, h).

C.2. Definition. Let « : H — H be a function. We call the pair (a,«) inward

pointing at the boundary of K (in short inward pointing) if for all (h*,h) € D we
have

a(h*, h) + (h*,a(h)) > 0.
C.3. Definition. A function o : H — H is called parallel at the boundary of K
(in short parallel) if for all (h*,h) € D we have
(h*,o(h)) =0.
CA4. Definition. Let o : H — H be a function. Then the set D is called (Idg,o)-
invariant if
(h*,o(h)) € D for all (h*,h) € D.

C.5. Remark. Let o : H — H be a function. If D is (Idg, o)-invariant, then o is
parallel.

C.6. Lemma. Let o : H — H be a function such that (a,«a) is inward pointing.
Then, for each n € N the pair (a,11,, o @) is inward pointing, too.

Proof. Let (h*,h) € D be arbitrary. By Assumption 4.2 we have h* € (e} ) for some
k € N. Thus, by Lemma 4.5, and since a is nonnegative, we obtain

a(h®, h) + (h* In(a(h))) = a(h*, h) + (", a(h)) Lik<py = 0,
finishing the proof. O

C.7. Definition. We introduce the following spaces:
(1) For eachn € N we denote by F,,(H) the space of all functions o : H — E,,.
(2) We set F(H) := U, en Fn(H).
C.8. Proposition. Let « € Lip(H) be a function such that (a, @) is inward pointing.
Then, there are a constant L € Ry and a sequence

(C.1) (an)nen C Lip, (H)NF(H)
such that (a, ay,) is inward pointing for each n € N, and we have a,, — .

Proof. We set «, := II,, o a for each n € N. Then, by construction for each n € N
we have «,, € F(H). By hypothesis there exists a constant M € R, such that
« € Lip,,(H). Setting L := Mbc({e; }ien), we have a,, € Lipy, (H) for each n € N,
showing (C.1). Furthermore, by Lemma C.6, for each n € N the pair (a,ay) is
inward pointing, and by Lemma 4.5 we have a,, — a. O
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C.9. Lemma. Let o, : H — H be two functions such that the following conditions
are fulfilled:

(1) (a, ) is inward pointing.
(2) D is (Idg, B)-invariant, and for all (h*,h) € D we have

(C.2) a(h*, B(h)) < a(h*,h).
Then the pair (a,a o B) is inward pointing.

Proof. Let (h*,h) € D be arbitrary. Since the set D is (Idy, §)-invariant, we have
(h*,B(h)) € D. Therefore, by (C.2), and since (a, ) is inward pointing, we obtain
a(h*, h) + (h*, a(B(R))) = a(h®, B(h)) + (h*, a(B(h))) = 0,
finishing the proof. O

We denote (R, )nen the retractions R,, : H — H defined according to Definition
A.9. We will need the following auxiliary result.

C.10. Lemma. Let n € N be arbitrary. Then D is (Idg, Ry,)-invariant, and for all
(h*,h) € D we have
a(h*, Ry (h)) < a(h*,h).

Proof. Let n € N be arbitrary. Recalling the notation from Definition A.9, there is
a function A, : H — (0, 1] such that

R, (h) = Ap(h)h  for each h € H.
By Assumption C.1 we obtain (h*, R,,(h)) = (h*, A\, (h)h) € D and
a(h*, Rn(h)) = a(h®, An(h)h) = An(R)a(h®, h) < a(h", h),
completing the proof. O

C.11. Proposition. Let a € Lip(H)NF(H) be a function such that (a, «) is inward
pointing. Then there are a constant L € Ry and a sequence

(C3) (@n)nes C Lipy (H) N F(H) 1 B(H)
such that (a, ay,) is inward pointing for each n € N, and we have «,, — .

Proof. We set a,, := a o R, for each n € N. Let n € N be arbitrary. Then we have
oy, € F(H), because a € F(H). By hypothesis there exists a constant L € Ry such
that « € Lip, (H), and by Lemma A.10 and the inclusion Lip, (H) C BY¢(H) it
follows that a,, € Lip;(H) N B(H), showing (C.3). Combining Lemmas C.9 and
C.10, we obtain that (a,a,,) is inward pointing. Furthermore, by Lemma A.10 we
have «,, — a. O

APPENDIX D. PARALLEL FUNCTIONS

In this appendix, we provide the required results about parallel function, which
we need for the proofs of Theorems 5.3 and 6.1. The general mathematical frame-
work is that of Appendix C. First, we will extend the Definition C.3 of a parallel
function.

D.1. Definition. A function o : H — H is called locally parallel to the boundary
of K (in short locally parallel) if there exists € > 0 such that for all (h*,h) € D we
have

(D.1) (h*,a(h—g)) =0 for all g € H with ||g|| <e.
D.2. Definition. A function o : H — H is called weakly locally parallel to the

boundary of K (in short weakly locally parallel) if for all (h*,h) € D there exists
e =e€(h*, h) > 0 such that we have (D.1).
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D.3. Definition. Let 0 : H — H be a function. Then the set D is called locally
(Idg, o)-invariant if there exists € > 0 such that for all (h*,h) € D we have

(h*,o(h—g)) € D forall g € H with ||g|]| <e.

D.4. Remark. Let o : H — H be a function.
(1) If o is locally parallel, then it weakly locally parallel, too.
(2) If D is locally (Idg, o)-invariant, then o is locally parallel.

As in Section 2, let U be a separable Hilbert space, and let Q@ € L(U) be a
nuclear, self-adjoint, positive definite linear operator. Recall that Uy := Q'/?(U)
equipped with the inner product (2.2) is another separable Hilbert space, and that
LY(H) := Ly(Uy, H) denotes the space of Hilbert-Schmidt operators from Uy into
H. Furthermore, recall that we have fixed an orthonormal basis {g;};en of Uy, and
that for each o € LY(H) we set 0/ := og; for j € N. With this notation, the
Hilbert-Schmidt norm is given by

(D.2) ol = [> llo7]|2 for each o € LY(H).
JEN

D.5. Definition. We denote by F(H, LS(H)) the space of all functions o : H —
LY(H) such that for some n € N we have o’ (H) C E,, for all j € N.

D.6. Lemma. Let o € CZ(H,L3(H)) be arbitrary. Then the following statements
are true:

(1) For each h € H we have )y | Do?(h)od(h)|| < oo.
(2) The function p: H— H defined as

1 . .
(D.3) plh) =5 JEZNDUJ (h)oi(h), heH,
belongs to Lip(H) N B(H).
Proof. By assumption, there exists a constant C' € R such that
max{||o(h)||, | Da(h)|, || D*c(h)||} < C forall h € H.
Therefore, for each h € H, by the Cauchy Schwarz inequality we obtain

Y IDT (h)o? (W) < Y~ 1D (W] llo? (h) ]

JEN JEN

(ZnDoJ ||2)1/2(Z|af )" = ipemi o <

JeEN JjeN

proving the first statement and p € B(H). For the proof of the second statement,
let hy, he € H be arbitrary. By the Cauchy Schwarz inequality we obtain

llo(h1) = p(ha)|| < % > 1D (h1)o? (1) — Do’ (he)o? (hs)|

jEN
< LS 1D )07 (1) — o o) + & 3 107 (ho)] 1D (1) — D ()|
JEN JEN
1/2
< ;<§||Daj<hl>|2) (%nw ) - ha)1?)

+3( Tloitha)?) UZ(Z Do () ~ Do ()] -

jeN jEN
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and hence
1 1
lp(h1) = p(h2)|| < SlIDo ()l llo(hr) = o (h2)ll + Fllo(h2) [ [|[ Do (1) — Do(hs)|
< C?||hy — ha,
showing that p € Lip(H). O

D.7. Lemma. Let o € CZ(H,LY(H)) be such that for each j € N the function
o)+ H = H is weakly locally parallel. Then the function p : H — H defined in
(D.3) is parallel.

Proof. Let (h*,h) € D be arbitrary. Furthermore, let j € N be arbitrary. Since o’
is locally parallel, there exists ¢ > 0 such that

(h*,07(h —g)) =0 for all g € H with [g < e.
We define 6 > 0 as

5ie {e/||o-j<h>|7 if 09 (h) #
L if 07(h) =

Then we have
(h*, 0% (h+tai(h))) =0 forall t € [~6,0].

Therefore, we obtain

(h*, Do’ () () = (B, lim o’ (h +to? (h)) - Jj(h)>

t—0 t
* g J —(h*. g
o Wt () — (0T
t—0 t
This implies
0 o) = (1,5 3 D) (1)) = 5 3 (8 Do (1)o7 (1)) =0,
JEN JEN
showing that p is parallel. O

D.8. Lemma. Let o : H — LY(H) be such that for each j € N the function
o/ : H — H is parallel. Then, for each u € Uy the function o(-)u : H — H is
parallel.

Proof. Recall that we have fixed an orthonormal basis {g;}jen of Up. Let u € Uy
be arbitrary, and let (h*,h) € D be arbitrary. Since for each j € N the function
o7 : H — H is parallel, we obtain

(" o) = (1,0 () 3w 03)01,0; ) = S 05} (o () = 0,
JEN JEN
showing that o(-)u is parallel. O

D.9. Definition. We denote by G(H, LY(H)) the space of all functions o : H —
LY(H) such that for some index N € N we have o/ =0 for all j € N with j > N.

For each n € Nlet G,, C Uy be the finite dimensional subspace G, := (g1, - .., n),
denote by 7, : Uy — G, the corresponding projection
n

ThU = Z<uagj>Uogj7 u € UO?
j=1
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and let T}, : LY(H) — LY(H) be the linear operator given by T,0 := o o, for each
o € LY(H). Note that for each n € N and each o € LY(H) we have
(D.4) (Tno)’ = o(mn(g;)) = 0'Lij<ny, JEN.

D.10. Lemma. The following statements are true:

(1) For each n € N we have ||T,| < 1.
(2) For each o € LY(H) we have Ty,0 — o as n — oc.

Proof. Let o € LY(H) be arbitrary. Noting (D.2) and (D.4), for each n € N we have

n
Sl < D led ) = el
j=1 JEN

showing that ||7,| < 1. Furthermore, by (D.2) and (D.4) we obtain

|Tho — ol = Z loi||? =0 asn — oo,
ji>n

showing that T,,0 — o. O

[Tnoll =

D.11. Proposition. Let o € Lip(H, LY(H)) be such that for each j € N the function
o/ : H — H is parallel. Then there are a constant L € Ry and a sequence

(D.5) (0n)nen C Lipy (H, Ly(H)) N G(H, Ly(H))
such that for alln,j € N the function o), : H — H is parallel, and we have o,, — 0.

Proof. We set o,, :== T,, o o for each n € N. By noting (D.4), we have (o, )nen C
G(H, L3(H)), and for all n,j € N the function o7 : H — H is parallel. By hypoth-
esis, there is a constant L € R, such that o € Lip, (H, LY(H)), and by Lemma
D.10, it follows that o, € Lip, (H, LY(H)) for each n € N, showing (D.5), and that
on — 0. O

D.12. Lemma. Let 0 : H — H be a parallel function. Then, for each n € N the
function 11, o o is parallel, too.

Proof. Let (h*, h) € D be arbitrary. By Assumption 4.2 we have h* € (e} ) for some
k € N. Therefore, by Lemma 4.5 we obtain

(h* Iy (o (h))) = (h",0(h))L{k<n} =0,
finishing the proof. O

D.13. Proposition. Let o € Lip(H) be a parallel function. Then there are a con-
stant L € Ry and a sequence

(D.6) (0n)nen C Lipy (H) NF(H)
such that o, is parallel for each n € N, and we have o, — 0.

Proof. We set o, :=1I,, o o for each n € N. Then, by construction for each n € N
we have 0, € F(H). By hypothesis there exists a constant M € R, such that
« € Lipy,(H). Setting L := Mbc({e; };en), we have o, € Lip, (H) for each n € N,
showing (D.6). Furthermore, by Lemma D.12, for each n € N the function o, is
parallel, and by Lemma 4.5 we have ¢,, — 0. O

D.14. Lemma. Leto,7: H — H be two functions such that the following conditions
are fulfilled:

(1) o is parallel.
(2) D is (Idg, 7)-invariant.
Then o o T is parallel.
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Proof. Let (h*,h) € D be arbitrary. Then we have (h*,7(h)) € D, because D is
(Idg, 7)-invariant. Therefore, and since o is parallel, we obtain

(h*,o(r(h))) =0,
finishing the proof. t
D.15. Proposition. Let o € Lip(H) NF(H) be a parallel function. Then there are
a constant L € Ry and a sequence
(D7) (0w)nen © Lipy (H) N F(H) N B(H)
such that o, is parallel for each n € N, and we have o, — 0.

Proof. We set o, := 0o R, for each n € N. Let n € N be arbitrary. Then we
have o,, € F(H), because o € F(H). By hypothesis there exists a constant L € R
such that o € Lip; (H), and by Lemma A.10 and the inclusion Lip, (H) C B'°(H)
it follows that o, € Lip,(H) N B(H), showing (D.7). Combining Lemmas D.14
and C.10, we obtain that o, is parallel. Furthermore, by Lemma A.10 we have
oy — 0. O

D.16. Lemma. Leto,7: H — H be two functions such that the following conditions
are fulfilled:

(1) o is parallel.
(2) D is locally (Idy, T)-invariant.

Then o o T is locally parallel.
Proof. By assumption, there exists e > 0 such that for all (h*,h) € D we have
(h*,7(h—g)) € D for all g € H with ||g|| <e.
Let (h*,h) € D be arbitrary. Since o is parallel, we obtain
(h*,o(r(h—g))) =0 forall g € H with ||g| <e,
completing the proof. O

For € > 0 let ¢, : R — R be the function given by (1.14); see Figure 2. Then we
have ¢, € Lip; (R) and

(D.8) ¢c(z) =0 forall x € [—¢, ¢,
(D.9) ¢e(x) >0 for all z € [—¢,00),
(D.10) |pe(x) —z| <€ forall x € R,
(D.11) ‘(Jﬁe(x)—qbﬁ(y)‘ <1 forall z,y € R with = # y.
r—=y
Furthermore, for each 6 € {—1,1} we have
(D.12) Opc(0y) >0 for all y € [—¢, 00),
(D.13) x—0¢.(0y) >0 forall z e Ry and y € R with |z —y| <e.

D.17. Lemma. There exist a constant L € Ry and a sequence (9, )neny C Lipy (H)
such that for each n € N the set D is locally (Idg, ®y)-invariant, and we have
b, — Idy.

Proof. We set L := 2ubc({e; }ien). Let n € N be arbitrary. We define the function

(D.14) O, H—H, ®n(h) = ds-n(li)er,
k=1
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where we refer to the series representation (4.1) of h. Let h, g € H be arbitrary. We
define the sequence (A\g)reny C R as

Po—n (hi) — P2-n(gr)
hi — gk
By (D.11) we have |Ax| <1 for all k € N, and by Lemma 4.4 we obtain

n

Zwr"(hk) — ¢2-n(gr))ex

)\k =

Lin, 290y Lk<ny, k€N

[®n(h) = Pn(g)]l =

h=1
ZAk(hk — gk)ek L Z(hk — gr)ex|| = Ll[h — gl|,
keN keN

showing that ®,, € LipL(H). Let h € H be arbitrary. Then, by (D.10) we obtain

Z hkek

keN

Z Go—n (hi) — hy)ex, — Z hier
k= k=n+1
Z hkek

k=n-+1

|@n(R) — Al =

Z hkek

k=n+1

<D o (i) — hue| +
k=1

<n-27" 4+ —0 an— oo,

showing that ®,, — Idy. Let n € N be arbitrary. In order to show that D is locally
(Idg, ®,)-invariant, we set € := 27" /L. Let (h*,h) € D be arbitrary, and let g € H
with ||g|| < e be arbitrary. We will show that (h*, ®,,(h—g)) € D. For this purpose,
let g* € G* be arbitrary. Since ||g|| < €, by Lemma 4.4 we have

(D.15) (9", 9 < Lllg|| < Le=27".
Since h € K, we have (g*, h) > 0, and hence, we obtain
(D.16) (9" h—g)=(g",h) = (g",9) 2 —Le=—27".

By Assumption 4.2 we have g* = fej, for some § € {—1,1} and some k € N. Thus,
by the definition (D.14) of ®,, and relations (D.16) and (D.12) we deduce

showing that ®,(h — g) € K. Furthermore, noting that h € K, by the definition
(D.14) of ®,, and relations (D.15) and (D.13) we obtain

<g*7 h— (ﬁn(h - g)> = <g*7 h> — O0po—n (9<g*a h — g>)]]-{k§n} >0,
showing that h—®,,(h—g) € K, and hence ®,,(h—g) <k h. By Assumption C.1 we
deduce that (h*, @, (h—g)) € D, showing that D is locally (Idg, ®,,)-invariant. O

D.18. Proposition. Let o € Lip(H) NF(H) N B(H) be a parallel function. Then
there are a constant L € R and a sequence

(D.17) (0n)nen C Lip, (H)NF(H)NB(H)
such that o, is locally parallel for each n € N, and we have o, — 0.

Proof. According to Lemma D.17, there exist a constant M € R and a sequence
(Pp)nen C Lipy(H) such that for each n € N the set D is locally (Idg, ®,)-
invariant, and we have ®,, — Idy. Therefore, setting o, := 0 o ®,, for each n € N,
we have (D.17) for some L € R, and applying Lemma D.16 shows that o, is locally
parallel for each n € N. O

For our next step, we apply the sup-inf convolution technique from [23].
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D.19. Definition. Let o : H — R be arbitrary.
(1) For each A > 0 we define

. 1 2
oxn:H =R, oy(h):= glglfq (0(9) + 5|Ih—g\| )

(2) For each > 0 we define
1
o':H—=R, o"(h):=sup (U(g) ——|h —g||2>.
geH 2/1“

D.20. Remark. Let 0 : H — R and A\, u > 0 be arbitrary. A straightforward
calculation shows that

1 1
(020000 = sup it (o(a) + g ol = o lf = HI?) foratthe n
Therefore, the function (ox)* is also called sup-inf convolution.
D.21. Definition. Let o € F(H) be arbitrary.
(1) For each A > 0 we define oy : H— H as
o) = Z(Uk))‘ek'
keN
(2) For each p > 0 we define o : H— H as
ot = Z(Uk)“ek.
keN
(3) For all A, > 0 we define (ox)" : H— H as
(@) = ((or)r) ex.
keN
D.22. Lemma. Let o € Lip; (H)NF(H)NB(H) be arbitrary. Then, for each € > 0
there are g, 1190 > 0 such that for all X € (0, o] and p € (0, po] with p < XA we have

sup [[(ox)"(h) —o(h)|| < e

heH
Proof. This follows from the theorem on pages 260, 261 in [23]; in particular relation
(12) therein. O

D.23. Lemma. There is a constant C € Ry such that for oll L € Ry and all
o € Lip;, (H) we have oy, € Lipop, (H,R) for each k € N.

Proof. Setting C' := 2bc({e; }ien), this is an immediate consequence of Lemma
4.4. U

D.24. Lemma. Let L € Ry and o € F(H) be such that oy, € Lip; (H,Ry) for all
k=1,...,N, where N :=dim(c(H)). Then we have o € Lipy (H).

Proof. For all h,g € H we have

S (o) - oty

k=
completing the proof. O

lo(h) —o(g)ll = Zm —or(9)l < NL|[h =gl

D.25. Lemma. There exists a constant C € Ry such that for oll L € Ry, all
o € Lip;, (H)NF(H)NB(H) and all A, > 0 with p < A we have

(02" € Lipeng (H) NF(H) N Gy (H),
where N := dim{c(H)).
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Proof. Let A\,u > 0 with 4 < X\ be arbitrary. For all k¥ € N with o, = 0 we
have ((ok)x)* = 0, showing that (o))* € F(H). The remaining assertions follow
from Lemmas D.23, D.24 and the theorem on pages 260, 261 in [23]; in particular
relations (11), (13) and (15) therein. O

D.26. Lemma. Let o € Lip(H)NF(H)NB(H) be a locally parallel function. Then
the following statements are true:

(1) There exists Ao > 0 such that oy is locally parallel for each X € (0, Ag)

(2) There exists pg > 0 such that ot is locally parallel for each p € (0, po)

(3) There exist Ao, pto > 0 such that (ox)* is locally parallel for all X € (0, Ag]
and p € (0, po] with pu < A.

Proof. Since o is locally parallel, there exists e > 0 such that for all (h*,h) € D we
have (D.1). Furthermore, since o € B(H), there exists a finite constant C' > 0 such
that

(D.18) lo(h)|| < C forall he H.

We define the constants M, A\g > 0 as

62

M =2 = —
Chbe({erhien) and Ao YYi

Let A € (0,)o] be arbitrary. We will show that o) is locally parallel. For this
purpose, let (h*,h) € D be arbitrary. By Assumption 4.2 there exist § € {—1,1}
and k € N such that h* = fej. Let g € H with ||g|| < €/2 be arbitrary. We define
the function

1
Y:H R, X(f) = on(f) + 5yl (h—9) = I
Then we have
(D.19) >0 and X(h—g)=0.

Indeed, by (D.1) we have o,(h — g) =0, and hence ¥(h — g) = 0. In order to show
that X > 0, let f € H be arbitrary. We distinguish two cases:

e Suppose that |h— f|| <e. Since f = h—(h—f), by (D.1) we have o (f) = 0,
showing ¥(f) > 0.

e Suppose that ||h—f|| > €. Since ||g|| < €/2, by the inverse triangle inequality
we obtain

1(h—g) = fll = l[(h=f) =gl = [[[h = fll = llgll | = /2.
Furthermore, by (D.18) and Lemma 4.4 we have
ok = (ex, )| < 2bc({e}ien) o]l < M,
and hence
1
S(f) = on(f) + 55 lIh—g) = fIP > =M + 5—— = 0.
2\ 4
Consequently, we have (D.19), and thus, we obtain
(", a(h = g)) = 0 fnf X(/) = 0,

showing that o) is locally parallel. This provides the proof of the first statement.
The proof of the second statement is analogous, and the third statement follows
from the first and the second statement. O
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D.27. Proposition. Let o € Lip(H)NF(H) NB(H) be a locally parallel function.
Then there are a constant L € Ry and a sequence

(0n)nen C Lip, (H) NF(H) N Cp' (H)
such that o, is locally parallel for each n € N, and we have o, — o.

Proof. This is an immediate consequence of Lemmas D.22, D.25 and D.26. O

For our last step, we use Moulis’ method, as presented in [15]. For this purpose,
we introduce some notation. Let ¢ € C*(R, [0,1]) be a smooth function such that
the following conditions are fulfilled:

We have ¢(t) =1 for all t € (-1, 1).
We have ¢(t) =0 for all ¢ € R with [¢| > 1.
We have ¢/(t) € [-3,0] for all t € R,.

We have p(—t) = p(t) for all t € R,.
Let o € F(H)N C;’l(H) be arbitrary. We fix a sequence a = (an)nen C (0,00) and
a constant r > 0. We define the sequence (X,,)nen of functions ¥, : H — H as

(an)"

Cn

(D.20) S, (h) =

/ o(h — g)planllgl)dg, B e H,

n

where the sequence (¢, )nen C (0,00) is given by

(D.21) e = / o(lg)dg.

D.28. Lemma. The following statements are true:

(1) We have 3, € C*°(H) for each n € N.
(2) There is a constant C € Ry such that

(D.22) max{||Z, (h)|, [ DS (R, [ D*En(h)l|} < C
for allm e N and all h € H.

Proof. The first statement follows from the definition (D.20). Since o € C’; 1(H),
there is a constant C' € R such that

max{||c(h)| + |Do(h)||} < C forall h € H,
|Do(h) — Do(g)|| < C||h —g| for all h,g € H.

Thus, arguing as in [15, page 602], we see that (D.22) is fulfilled. O

Now, we define the sequence (6, )nen of functions 6, : H — H as
(bn)"

Cn

(D.23) () = / Su(h — g)p(ballgl)dg, b e H,

where the sequence b = (b, )nen C (0,00) is chosen large enough such that
(D.24)

for all n € N and all h € H. Inductively, we define the sequence (G, )nen, of
functions ¢, : H — H by

(D.25) go:=0(0) and
(D.26) Op:=06p+0p_101,_1—6,0II,_7 forallneN.
D.29. Lemma. The following statements are true:
(1) We have G, g, € C®(E,,H) for alln € N.

E, = On-1|E, and &,
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(2) There is a constant C € Ry such that
(D.27) max{||Zn (B[, [|1D&n (W), [ D*an (R)} < C
for alln € N and all h € E,,.

Proof. The first statement follows from [15, page 602|. Using (D.24), we prove
inductively as in [15] that

max{”&n(h) - En(h)”7 ||D6n(h) - Dzn(h)”7 HDQé'n(h) - D2En(h)|‘} < 2(1 - 2—n)

for all n € N and all h € H. Together with Lemma D.28, this proves the second
statement. O

Now, we define 6 : E*° — H as

(D.28) g = nh_)n;o Ons

where £ := J,,cy En. In view of Lemma D.29, we have

(D.29) g\, = 0nlg, forallneN.

Now, we define the function

(D.30) U:H—E®, U(h) =Y xi(h)hger,
keN

where we refer to the series representation (4.1) of h, and where for each k € N the
function xj : H — [0,1] is given by

(D-31) Xk (h) =1 = @(|[Thl]),
where T}, € L(H) denotes the linear operator

Idy — I
(D.32) Ty = %

with 7 > 0 denoting the constant from above.

D.30. Lemma. The following statements are true:
(1) We have ¥ € Lip(H, E*®)NC*(H, E>).
(2) For each h € H there exist n € N and § > 0 such that

(D.33) U(h—g) € E, forallge H with |g| <.
Proof. This follows from [2, page 17]. O

Now, we define the function
(D.34) ot H S H @) =500,

Note that we emphasize the dependence on the sequences a and b, and on the
constant r. For two sequences a = (an)neny C R and b = (by)neny C R we agree to
write a <y b if a,, < b,, for all n € N.

D.31. Lemma. Let o € Lip(H) NF(H) NB(H) be arbitrary. Then, for each ¢ > 0
there are sequences a®,b° € (0,00)N, where b° is chosen such that (D.24) is fulfilled
with b replaced by b°, and a constant r° > 0 such that for all sequences a,b € (0, 00)N
with a® <y a and ° <y b and all r > 0 with r < r° we have

sup [|o0**") (h) — o (h)| < e.
heH

Proof. This follows from [15, Thm. 1] and its proof. O
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D.32. Lemma. There exists a constant C € Ry such that for oll L € Ry, all
o € Lip, (H)NF(H)NB(H) and all sequences a,b € (0,00)N, where b is chosen
such that (D.24) is fulfilled, and every constant r > 0 we have

0@ € Lipey (H) NF(H) N C=(H),
where N := dim(c(H)).

Proof. Let a, b be arbitrary sequences, where b is chosen such that (D.24) is fulfilled,
and let r > 0 be arbitrary. By the construction (D.20)-(D.34), for all k¥ € N with
o = 0 we have a,(:’b’r) = 0, showing that o(®*") ¢ F(H). The remaining assertions

follow from Lemmas D.23, D.24 and [15, Thm. 1]. O

Lemma D.32 does not ensure that o(**") € CZ(H); that is, it remains to show
that the second order derivative is bounded. For this purpose, we prepare some
auxiliary results. For the next two results, we fix a constant > 0. Note that the
functions xx, k € N defined in (D.31) and ¥ defined in (D.30) depend on the choice
of r.

D.33. Lemma. The following statements are true:

(1) We have xi € C*(H,R) for each k € N.
(2) There is a constant C € Ry such that

(D.35) max{||xx(h)[l, 7 Dxw (), 7| D*xi(R)|1} < C
forallk € N and all h € H.
Proof. Let U C H be the open set U := {|| - || > 1}. For the norm function

n: U — Ry given by n(h) := ||h]| we have n € C>°(U,R) with derivatives

h
g =9 hevandgen,

(IRl
9. f) _ {h,g)h, f
D?*n(h)(g, f) = <”h|> BRE >, heUandg,feH.
Therefore, for all h € U we obtain
2
(D.36) D) <1 and D)) < o <8

We define the constant L € R, as

L:=1+be({e hien).
Then, by the definition (D.32) of T}, we have
(D.37) ITx|| < L/r for all k € N.
There is a constant M € R, such that

max{p(t), ¢’ (t),o" ()} <M forallt€R.
Now, we define the constant C' € R, as
C :=max{1, ML, ML* + 8M?L?}.

Let k € N be arbitrary. By the definition (D.31) of x; we have

Xk =1—ponoT,
and hence

Ixk(R)|| <1<C forall he H.
We define the open sets Uy, Vi, C H as
U .= {||Tk|| > 1/4} and Vi :={||Tx] < 1/2}.
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Then we have H = U,UV}, and xi(h) = 0 for all A € Vj,. This shows x; € C°(H,R),
proving the first statement, and regarding the second statement, it suffices to show
(D.35) for all k € N and all h € Uy. Let k € N and all h € Uy be arbitrary. By
(D.36) and (D.37) we obtain

1D(n o Ti) (h)|| < [ Dn(Teh)I | DTih|| < | Till < L/,
1D (0 Ti) (W) < [ID*n(Tih) | | DTihl* + | Dn(Tih)||*[| D*Tih|| < 8L2/r?,

and hence

I1Dxk ()| = [1D(p oo Ti)(R)]| < [I1Do(n(Th)) || |1D(n o Ti)(R)|| < ML/r < C/r,
ID*xk(W)| = 1D*(p om0 T) (M) < | D> TuhI)| 1 D(n o Ti) ()|

(TR DIPIID? (1 0 T) (k)| < ML?/r® + 8M?L? /r* < C/r?,
completing the proof. O
The following auxiliary result extends Fact 7 in [2].

D.34. Lemma. There exists a constant M € Ry such that
(D.38) max{|| DY (h)|, || D*¥(h)||} < M for all h € H.

Proof. Let C € R4 be the constant from Lemma D.33. We define the constant
M e R, as

M :=3ubc({e; }1en)C

Let h € H be arbitrary. Noting that Tph — 0 for k — oo, let n € N be the smallest
index such that

(D.39) I Tl < 1.

Then we have ||Tih| > 1 for all k = 1,...,n — 1. By the continuity of the linear
operators 14, ...,T,_1, there exists § > 0 such that

ITe(h—g)|| >1 forallk=1,...,n—1and all g € H with ||g|| < 0.
By the definition (D.31) of x; we obtain

xk(h—g)=1 forallk=1,...,n—1and all g € H with ||g]| <,
and it follows that
(D.40) Dxi(h) =0 and D?xy(h)=0 forallk=1,...,n— 1.
Furthermore, by the definition (D.30) of ¥ we have

h) :ZDXIC( eka ek+ZXk eka eka

keN keN
ZD Xx(h){ey, h €k+QZDXk )ex, ek,
keN keN

and hence, by (D.40), Lemmas 4.4, D.33 and (D.39) we obtain

IDEM| < || 3= Dxalh) (e e[ + || 3 xulh) ek, )
k>n keN
< ube({echen)C/r|| S (et hex|| + ube({ethen)C|| S e, Jex

k>n keN

< ubc({e;}ien)Cl|Thh|| + ube({e; }1en)C < M,
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and similarly

ID*(R)|| < || Y D>xx(h)(ef, hex| +2|| Y Dxw(h){ek, -Jex
k>n heN
< ubc({erhien)C/r?| Y (er, hyex|| + 2ube({ehien)C/r|| > ek, -Jen
k>n keN
< ubc({e }ien)C/r||Tnh|| + 2ubc({ei }ien)C/r < M/r,
completing the proof. O

D.35. Lemma. For all o € F(H) N Cy ' (H) and all sequences a,b € (0,00)Y,
where b is chosen such that (D.24) is fulfilled, and every constant r > 0 we have
glabr) ¢ Cg(H).

Proof. By Lemmas D.29 and D.34 there exist constants C, M € R such that we
have (D.27) and (D.38). Let h € H be arbitrary. By Lemma D.30 there exist n € N
and ¢ > 0 such that we have (D.33). Furthermore, by the definition (D.34) of o(®*7)
and relation (D.29) we have

o @) (h — g) = 5, (U (h —g)) for all g € H with ||g|| < 6.
Therefore, and by estimates (D.27) and (D.38), we obtain
lo > (R)| = llan (T ()| < C,
1D (R)[| = || D(6n 0 W)(R)|| < [|Dan(¥())[| | D¥(h)]| < CM,
ID*a @ (h)|| = || D*(@n 0 B)(W)]| < | D26, (¥ ()| | DY (R)||?
+[1D&n (¥ (h))|* | D*T ()| < CM?* + C* M/,
finishing the proof. g

(
)

D.36. Lemma. Let 0 € F(H)N C;’l(H) be a locally parallel function. Then, there
exist a sequences a®,b° € (0,00)N, where b° is chosen such that (D.24) is fulfilled
with b replaced by b°, such that for all sequences a,b € (0,00)N with a® <y a and
b0 <y b and every constant r > 0 the function o(**") : H — H is weakly locally
parallel.

Proof. Since o is locally parallel, there exists € > 0 such that for all (h*,h) € D we
have (D.1). Let a® € (0,00)Y be the sequence given by a2 := 2/e for each n € N.
Furthermore, we choose b° € (0,00)" such that b2 > 4/¢ for each n € N, and
condition (D.24) is fulfilled with b replaced by b°. Let a,b € (0,00)" be arbitrary
sequences with a® <y a and b° <y b, and let > 0 be an arbitrary constant. First,
we will show that for all n € N and all (h*,h) € D we have

(D.41) (h*,Sn(h —g)) =0 forall g € H with ||g|| < e/2.

For this purpose, let ¢ € H with ||g|| < ¢/2 be arbitrary. By the definition (D.20)
of ¥, relation (D.1), and since supp(y) C [—1,1] and a,, > 2/€, we obtain

u [ ath =g = Pt s

(an)n

= oS /E (0 o(h— (g + 1)) elan | FI) L 1 <e2ydf

(h*,Xn(h—g)) =

Cn

=0
(an)"

Cn

" /E (5ot g+ 1)) @A) Ll =0

=0
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showing (D.41). Noting the definition (D.23) of ,,, relation (D.41) and that b,, >
4 /e, analogously we show that for all n € N and all (h*,h) € D we have

(D.42) (h*,6,(h—g)) =0 forall g € H with ||g|| < e/4.
Next, we set M := be({e;}1en) > 1. By induction, we will show that for all n € Ny
and all (h*,h) € D we have
€
AMn
Relation (D.43) holds true for n = 0. Indeed, since 0 € K and 0 <k h, by Assump-

tion C.1 we also have (h*,0) € D. Therefore, by the definition (D.25) of 79, and
since o is parallel, for all g € H with ||g|| < ¢/4 we obtain

(h*,00(h —g)) = (h*,0(0)) = 0.

For the induction step, suppose that (D.43) is satisfied for n — 1. Since II,,_1h € K
and IT,,_1h <g h, by Assumption C.1 we also have (h*,1I,,_1h) € D. Let g € H

with ||g|| < 457 be arbitrary. Then, we have

(D.43) (h*,5,(h—g)) =0 forall g € H with ||g]] <

€ €

€
< - 1L, _ < — < =
loll <& and M1)€ o < S

and hence, by the definition (D.26) of &, relation (D.42) and the induction hy-
pothesis, we obtain

(h*,on(h —9))
- <h*76n(h - 9)> + <h*76n—1(Hn—1(h’ - g))> + <h*76n(Hn—1(h - g))>
= (h*,6n(h —g)) + (h*,0n-1(IL—1h — y—19)) + (A", 60 (Iln—1h — II,,_1g)) = O,

proving (D.43). Now, let (h*,h) € D be arbitrary. By the definition (D.30) of ¥
we have U(h) € K and ¥(h) <k h, and hence, by Assumption C.1 we also have
(h*,¥(h)) € D. By Lemma D.30 there exist n € N and § > 0 such that we have
(D.33), and there exists C' > 0 such that

|T(h—g)—T)| <C|g|l foralgeH.
We define n > 0 as

— mind g
C AMnC |
Let g € H with ||g|]| < n be arbitrary. Then we have

Jw(h = g) ~ ¥(h)] <

and hence, by the definition (D.34) of o(**") relation (D.29) and (D.43) we obtain
(h*, 0@ (h— g)) = (1", 5(¥(h — ) = (", 5,(¥(h — g)))
= (17,00 (¥ (h) = (¥(h —g) = ¥(h)))) = 0,

a,b,r)

showing that o is weakly locally parallel. O

D.37. Proposition. Let o € F(H) N CY'(H) be a locally parallel function. Then
there are a constant L € Ry and a sequence

(0n)nen C Lipy (H) NF(H) N Cl?(H)
such that o, is locally parallel for each n € N, and we have o, — o.

Proof. This is an immediate consequence of Lemmas D.31, D.32, D.35 and D.36. [J
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